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Abstract 

We consider a parabolic problem with degeneracy in the interior of the 
spatial domain, and we focus on controllability results through Carleman 
estimates for the associated adjoint problem. The novelty of the present 
paper is that the degeneracy is also in the interior of the control region, 
so that no previous result can be adapted to this situation. 



1 Introduction 

In the last recent years an increasing interest has been devoted to null con- 
trollability of degenerate parabolic equations. Indeed, as pointed out by sev- 
eral authors, many problems coming from physics (see, e.g., [Ml), biology (see, 
e.g., [33]), and economics (see, e.g., [35] and [2DJ) are described by degenerate 
parabolic equations with degeneracy occurring at the boundary of the space do- 
main. Among such degenerate problems we recall some applications arising in 
aeronautics (the Crocco equation, see, e.g., [16], [17], [28]), in physics (boundary 
layer models, see, e.g., [7] or models of Kolmogorov type, see, e.g., [4], or mod- 
els of Grushin type, see, e.g., [5]), in genetics (Wright-Fisher and Fleming- Viot 
models, see, e.g., [3D], [3D]) and in mathematical finance (Black- Mcrton-Scholcs, 
Longstaff, Cox- brgersoll- Ross models, see, e.g., [3DJ, [2DJ). 
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From the point of view of global null controllability, the behaviour of linear 
degenerate parabolic equations in both divergence form and non divergence form 
with Dirichlet or Neumann boundary conditions is by now well understood, see, 

for example, 0, [S], 03], H3> [13], HE OH, US, PI, HU, [23], [33], [32], [33] 

and [33] and the references therein: for all T > and for all initial data uq in a 
suitable space there is a control h such that the solution of 

u t - (au x ) x = h(t, x)xu(x), (t,x) G (0,T) x (0, 1), ^ _ 

it(0, x) = uq{x) 

with the associated boundary conditions, satisfies u(T, x) = for all .t G [0, 1]. 
The common point of all the previous papers is that the function a degenerates 
at the boundary of the domain. For example, as a, one can consider the double 
power function 

a(x) =x k {l-x) a , x G [0,1], 

where k and a are positive constants. For related systems of degenerate equa- 
tions we refer to [S] and pQ. 

Moreover, in [3] the authors study the null controllability of the parabolic 
equation associated with the Grushin-type operator C = d x + |x| 27 <9y, where 
7 > 0, in the rectangle O = (—1,1) x (0,1), taking as control region the strip 
to = (a, b) x (0, 1), < a, b < 1. We underline the fact that in [3J the degeneracy 
points are in the interior of the domain, but outside the control region. 

To our best knowledge, |35) is the first paper treating a problem with a 
degeneracy which may occur in the interior of the spatial domain. In particular, 
Stahel considers a parabolic problem in with Dirichlet, Neumann or mixed 
boundary conditions, associated with a, NxN matrix a, which is positive definite 
and symmetric, but whose smallest eigenvalue might converge to as the space 
variable approaches a singular set contained in the closure of the spatial domain. 
In this case, he proves that the corresponding abstract Cauchy problem has a 
solution, provided that a" 1 G L 9 (il,R) for some q > 1, where 

a(x) := min{a(:z;)£ • £ : ||£|| = 1}. 

Moreover, while in [35] only the existence of a solution for the parabolic 
problem is considered, in [24] the authors analyze in detail the degenerate op- 
erator Au := (au x ) x in the space L 2 (0, 1), with or without weight, proving that 
in some cases it is nonpositive and selfadjoint, hence it generates a cosine fam- 
ily and, as a consequence, an analytic semigroup. In [24| the wcll-poscdness of 
(jl. ip with Dirichlet boundary conditions is also treated, but nothing is said 
about controllability properties. 

This paper is then concerned with the null controllability of the parabolic 
equation with interior degeneracy 

u t - {au x ) x = h(t, x)Xu(x), 

u(t,0) =u{t,l) =0, (1. 2) 

u(0,x) = u (x), 
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where (t,x) £ Qt ■= (0, T) x (0, 1), u a £ L 2 (0, 1), a degenerates at x £ (0, 1) 
and the control h £ L 2 {Qt) acts on a nonempty subdomain w of [0, 1], which 
satisfies the following property: 

oj CC (0, 1) and there exist uj\ C (0, xq), ^2 C (xq, 1) 
such that (wi U 0J2) CC w \ {xo}. 

We shall admit two types of degeneracy for a, namely weak and strong degen- 
eracy. In particular, we make the following assumptions: 

Hypothesis 1.1. Weakly degenerate case (WD): Assume that there exists 
x Q £ (0, 1) such that a(x ) = 0, a > on [0, 1] \ {x }, a £ W 1A (0, 1) and there 
exists K £ (0, 1) such that (x — xo)a' < Ka a.e. in [0, 1]. 

Hypothesis 1.2. Strongly degenerate case (SD): Assume that there exists 
x Q £ (0, 1) such that a(x ) = 0, a > on [0, 1] \ {x }, a £ W^ 1,oo (0, 1) and there 
exists K £ [1, 2) such that (x — xo)a' < Ka a.e. in [0, 1]. 

Typical examples for weak and strong degeneracies are a(x) — \x — Xo\ a , < 
a < 1 and a(x) — \x — xo| Q , 1 < a < 2), respectively. 

Observe that if Xq ^ co (for example if w = Wi or w = W2), then the global 
null controllability of (jl. 2j) follows as in [2]. The same controllability result 
holds if w = w\ U W2 and again xq £ uJ, at least in the strongly degenerate case: 
indeed, in this case, given uq £ D(A), u is a solution of (jl. 2j) if and only if the 
restrictions of u to [0, xq) and to (xq, 1], U| [0 ^ and U| ( 1]; are solutions to 



' u t ~ (au x ) x = h(t,x)\ [0xo) Xud x ), (t, x ) € x (0,^0), 

u(t,l) = 0, t£(0,T), 

(au x )(t,x )=0, te(0,T), 
^(O.a?) =uo(x)| [0i ^), 



(1. 4) 



and 



(1. 5) 



'u t - (ou^ = h(t,x)\ (xoA] Xu a ( x )i Viz) e (°' T ) x (^o, 1), 

u(t,l) = 0, t£(0,T), 

(au x ){t,x ) =0, tG(0,T), 
k u(0,x) = u (x)| (x0j1] , 

respectively (for the boundary conditions in xq we refer to (24j ) . Then, the 
global null controllability follows by [2[ Theorem 4.1]. On the other hand, if 
w is as in (jl. 3p . then we cannot deduce null controllability results for the two 
problems (jl. 4j) and (jl. 5p from the ones presented in literature, since, to our 
best knowledge, there are no results if a degenerates at the boundary of the 
domain and the control acts exactly on the boundary. 

As in [2] , the main technical part of the paper is the analysis of the following 
adjoint problem: 

(v t + (a(x)v x ) x = h, (t,x) e (0,T) x (0,1), 

\v(t,l) =v(t,0) = 0, t£ (0,T). [ ' J 
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In particular, for any (sufficiently smooth) solution v of such a system we derive 
the Carleman estimate 



:<da(v x ) 2 + S 3 Q 3 {X * o) v 2 ^j e 2s ^ x \ 



<C | J \h\ 2 e 2sip{t ' x) dxdt + sa \ 



x=l 
x=0 



(1. 7) 

for all s > so, where so and ci are suitable constants. Here 0(f) := [t(T—t)] 4 , 
and ip(t, x) :— Q(t)ip(x), with ijj(x) < given explicitly in terms of a, see (|3. 3[) . 

For the proof of the previous Carleman estimate a fundamental role is played 
by the following general Hardy-Poincare type inequality proved in Proposition 
12.11 of independent interest: 

w 2 (x)dx<C I' p(x)\w'(x)\ 2 dx, 



lo (x-x ) 2 
that we derive for all functions w such that 



w(0) = (or w(l) = 0), and / p(x)\w' (x)\ 2 dx < +oo 



l 

■2. 



Here p is any continuous function in [0, 1], with p > on [0, 1] \ {xo}, p( x o) = 
and there exists q £ (1, 2) such that the function 

p{x\ 

is nonincreasing on the left of x — xq 



\x-x \i 

and nondecreasing on the right of x = xq . 

Applying estimate 7p to any solution v of the adjoint problem (jl. 6p . we 
derive the observability inequality 

v 2 (0,x)dx < C [ I v 2 (t,x)dxdt. 

To prove this, it is crucial to extend in a suitable way the solution v of Q\i , 
see Lemma |4. II Then, using a standard technique in this framework, one can 
prove the null controllability of (jl. 2[) . 

Such a result is then extended to the semilinearproblem 

'u t -(a(x)u x ) x + f(t,x,u) = h{t 1 x)xu > {x) 1 (t,x) £ (0,T) x (0,1), 
u(t, 1) = u(t, 0) = 0, ie(0,T), (1.8) 

u(0,x) = u (x), x £ (0, 1), 

in the weakly degenerate case using the fixed point method developed in [3T] 
for nondegenerate problems. We note that, as in the nondegenerate case, our 
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method relies on a compactness result for which the fact that — G L (0,1) 

a 

is an essential assumption. We also underline the fact that, if f(t, x, u) = 
c(t,x)u(t,x), then the null controllability result holds also for the strongly de- 
generate case, since in this case it is a consequence of the results proved for 
(fT~2|) . sec Corollary EU 

Finally, observe that on a we require that there exists K G (0, 2) such that 
{x — xo)a' < Ka a.e. in [0, 1]. This technical assumption, which is essential to 
prove Lemma [3721 is the same made, for example, in [2]. It is not strange since if 
K > 2 and the degeneracy occurs at the boundary of the domain, as in [2] , the 
problem fails to be null controllable on the whole interval [0, 1] (see [15]). In this 
case the regional null controllability is the only property that can be expected, 
see also [TU] , [T3] and Q3] . We remark that if a degenerates in the interior of the 
domain, the example given in [TS] cannot be adapted so easily to 21) . since 
the degeneracy point is inside the control region. However, we expect that also 
in this case the global null controllability fails on the whole domain. For this 
reason the last part of the paper is devoted to prove a regional and persistent 
result in very general situations, at least in the linear case. For this, we can 
weaken the assumptions both on the degenerate coefficient and the control set; 
nevertheless, in this setting we cover the case in which (x — Xo)a' < Ka with 
K > 2. 

The paper is organized as follows. In Section[2]we give the precise setting for 
the weak and degenerate cases and some general tools we shall use several times; 
in particular a general Hardy-Poincare inequality is established. In Section [3J 
we provided one of the main results of this paper, i.e. Carleman estimates. In 
Section [4] we apply the previous Carleman estimates to prove an observability 
inequality which, together with a Caccioppoli type inequality, lets us derive 
new null controllability results for degenerate problems, when the degeneracy 
is inside the control region. In Section [5] we extend the previous results to 
complete linear and semilinear problems. Finally, in Section [5] we consider the 
linear strongly degenerate case in more general assumptions, proving regional 
and persistent regional null controllability results. 

2 Preliminary Results 

As in [24], for the well-posedness of the problem, we consider two different 
weighted spaces, suitable to study two different situations, namely the weak 
degenerate and the strong degenerate cases: 
CASE (WD): 

i?a(0, 1) := {u G L 2 (0, 1) | u absolutely continuous in [0, 1], 

Vau* G L 2 (0, 1) and u(0) = u(l) = 0} 

and 

Hl(0, 1) := {u G Hi(0, l)\au x G H\0, 1)}; 

CASE (SD): 
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Hl(0, 1) := {u e £ 2 (0, 1) | u locally absolutely continuous in [0, xo) U (xo, 1], 

^/au x G L 2 (0, 1) and u(0) = u(l) = 0} 

and 

H 2 a (0, 1) := {u G 1)| au* £ ff^O, 1)}. 

In both cases we consider the norms 

ll U ll/fi(0,l) : = IMIi 2 (o,i) + HvWHl^o,!), 

and 

IMIff=(0,l) := \\u\\ #1(0,1) + IK au a:)a;|lL 2 (0,l)- 

As proved in [21], problem 2[) is well-posed in the sense of the following 
theorem: 

Theorem 2.1. For all h G L 2 (Qt) and uq G £ 2 (0, 1), i/iere exists a unique weak 
solution u G C([0,T];i 2 (0, 1)) n L 2 (0, T; #1(0, 1)) o/ (Q) and i/iere exists a 
universal positive constant C such that 

t |up 11^)11^(0,1)+^ l|wWI| 2 ? i(o ) i)*<^(l|wo||i=(o 1 i) + l|/i|l!2( Qr) )- (2. 1) 

Moreover, if Uq G D(^4), inen 

U Gi7 1 (0,T;L 2 (0,l))nL 2 (0,T;i7 2 (0 ! l))nC([0, T];f£(0,l)), (2. 2) 

and i/iere exists a universal positive constant C such that 

-T 

sup (||w(t)||m( 0) i)) + / (iMI^m.i) + IKaus^lli^o .1)) 
te[o,T] ^ Jo v ; ' ( 2 . 3) 

< C (lKlHri( 0) i) + ||^lli» Wa .)) ■ 

In order to prove estimates of Carlcman type, as we intend to do, the fol- 
lowing lemma is crucial: 

Lemma 2.1. Assume that Hypothesis [TTT] or ll.2l is satisfied. 
1. Then for all 7 > K the map 
I x — Xo I ^ 

x 1 y is nonincreasing on the left of x = xq 

a 



and nondecreasing on the right of x = xq. 
2. IfK< 1, then - G ^(O,!). 
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3. IfK G [1,2), then G 1^(0, 1). 



Proof. The first point is an easy consequence of the assumption. Now, we prove 
the second point: by the first part, it follows that 

\x-x \ K . \ x* (l-x ) K 
< max ' 



a(x) ~ \a(0)' a(l) 
Thus 

1 \x* {\-x*) K 

< max ' 



\K ' 



a(x) ~ la(0)' a(l) J \x — xo\ 

Since K < 1, the right-hand side of the last inequality is intcgrablc, and then 

- € L 1 (0, 1). Analogously, one obtains the third point. □ 
a 

Remark 1. Observe that if — G L 1 (0, 1), then —= G i 1 (0, 1). On the contrary, 

a ^Ja 

the fact that a G CMO, 1], G ^(0,1) does not imply that - G 1). 

Va a 

Indeed, the assumptions on a imply that a(x) = / a x (t)dt < C|x — xo| for 

a positive constant C and for all a; in a neighborhood of xq- Thus — ^— > 

a(x) 

\x - x \ 

Proposition 2.1 (Hardy- Poincare inequality) . Assume thatp G C([0, 1]), p > 
on [0, 1] \ {xo}, p{xo) = and £/iere exists q G (1, 2) such that the function 

, K^) ■ ■ ■ +u i n t 

is nonmcreasmg on the Left of x = Xq 



\x-x \" 

and nondecreasing on the right of x — .to . 

Then, there exists a constant Crp > such that for any function w, locally 
absolutely continuous on [0, xq) U (xq,1] satisfying 

w(0) = w(l) = and / p(x)\w' (x)\ 2 dx < +oo , 
Jo 

the following inequality holds: 
- 1 P(x) 



w 2 (x)dx <C H p I P (x)\w'(x)\ 2 dx. (2.4) 

o \ x — x a) 
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Proof. Fix any f3 £ (1, </)• Since w(l) = 0, applying Holder's inequality and 
Fubini's Theorem, we have 

7 r^-w (x) ax 



< 



K0 (x - x y 



i_ r 1 P (x) 



-^W(/ (j^o)V(y)l 2 V)^ 



b/>--)V(,)i 2 (£ F 



p(x) 



^ W, o( x-x o) — ^ 



(V - x f\w'(y)\ 2 ( / (x - xo)^ 1 ^ dx) dy. 



/? - 1 Jxo Wx - x o) q 

Now, thanks to our hypothesis, we find 

P(x) p{y) , , 

<7 w Vx, y€ [x ,l], x<y. 



(x-x )« (y-xo) 9 

Thus 

Bl P(x) 



i j^^^dx 

Jxo [X ~ XoV 

f\y - x»Y\w'{y)\\ [ V T^ry q {x ~ ^o) 9 " 1 ^ dx) dy 



' x 

< 



< 



P-^ Jxo Wx (a; - xo) 1 ? 

1 f 1 p(y) 



i 



(/3-l)(q-P) J xa (y-x )i 

P(y)\w'(y)\ 2 dy 



-( y - Xo f\ w >(y)f( {x-x Q f- l -^dx)dy (2.5) 

Jx 

1 , ^KA y ~ xo) q ~ P (y ~ xvY\w'{y)\ 2 dy 



1 



x 



Now, proceeding as before, and using the fact that w(0) = 0, one has 



o Oo - x) 



P{X) 2/ \ i 

— (x) ax 



P . P{X \A l~(x -yf\w'(y)\ 2 dy j~ (x - y)^ dy) d 



o (x - xf 

l_ p p(x) 
P - 1 Jo ( x a - x) 



(x ~yr\ W '(y)\ 2 dy)dx 



By our hypothesis, 



P{X) <r^^ [0,x ],y<*. 



{x - x)i (x - y) q 

Hence, 



Xo P(x) 2( , , 
o (x - x) 2 



< 



P-1J (xo-y)^>(y)f(l J J^(x - xr ^ d x)dy 
1 f° ^\ g (x -^Kfa)l 2 ( r\x -xy- x -Ux)dy (2. 6) 



1 



{P-I)(q-P)h (x -y)« 



1 



p(y)k (y)l 



08- l)(ff-y8) 7 

Combining (|2. 51) and (|2. 6[) . the proposition follows. □ 

3 Carleman Estimate for Degenerate Parabolic 
Problems 

In this section we prove a crucial estimate of Carleman type, that will be useful 
to prove an observability inequality for the adjoint problem of 2j) in both the 
weakly and the strongly degenerate cases. Thus, let us consider the parabolic 
problem 

(v t + (av x ) x = h, (t, x) G (0, T) x (0, 1), 
\v{t,0)=v(t,l) = 0, te (0,T), 

where a satisfies the following assumption: 
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Hypothesis 3.1. The function a satisfies Hypothesis 1 1 . 1 1 or Hypothesis II .21 and 
there exists i? £ (0, K] such that the function 



x — 5- -tt is nonincrcasing on the left of x = in 

\x-x \o 8 (3.2) 

and nondecreasing on the right of x = xo . 

Here K is the constant appearing in Hypothesis 11.11 or II. 21 respectively. 

Remark 2. Observe that if xq = 0, Hypothesis 13.11 is the same introduced in 
|2] for the strongly degenerate case. On the other hand, in the weakly degen- 
erate case, we require an additional assumption on a, with respect to the one 
introduced in [2J. This is due to the fact that in this case we don't know if 
u(xq) = for all u £ H^(0, 1), as it happens when xq = 0. However, in both 
cases, Hypothesis 13. II is satisfied if a(x) = \x — xp\ K , with K £ (0, 2). 



Now, let us introduce the function <p(t,x) := Q(t)ip(x), where 



0(t) := 



with C2 > max 



[t(T-t)] 4 
(l-^o) 2 



and ip{x) := C\ 



y-x 



dy - c 2 



(3. 3) 



, and c\ > 0. A more precise re- 

striction on c\ will be needed later. Observe that 0(f) — ^ +oo as t ^ + ,T~, 
and by Lemma l2.1l we have that, if x > xq, 



ip(x) < Ci 
< ci 



1 



(y - x ) K 
a(y) {y-xo) 1 



(x - x ) K (x - x a f- K 



Cl 



a{x) 
(l-^o) 2 



K 



('2 



< Cl 



(1 - x ) K (1 - x f- K 
a(l) 2-K 



<'2 



< 0. 



(3. 4) 



_(2-K)a(l) 

In the same way one can treat the case x £ [0,xo), so that 

if>{x) < for every x £ [0, 1]. 

Moreover, it is now easy to prove that ip > — C\&i- 
Our main result is the following. 

Theorem 3.1. Assume Hypothesis 13.11 and let T > 0. Then, there exist two 
positive constants C and sq, such that every solution v of (|3. 1[) in 



V := L 2 (0,T; #2(0,1)) n iJ 1 (0, T; iJ^O, 1)) 



(3. 5) 
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satisfies, for all s > sq, 



o Jo 

<c( 



sGa(v x y + s d 9 

T r l 



3 (x-x ) 2 



2 e 2sip dxdt 



JO 



\h\ 2 e 2sv dxdt + sci I \aQe 2s ^ x \x - x Q ){v x ) 2 dt] X 



x=0 , 



where c\ is the constant introduced in (|3. 3|) . 

3.1 Proof of Theorem [37T1 

For s > 0, define the function 



w(t, x) 



v(t, x) 



where v is the solution of (|3. ip in V; observe that, since v <E V and ip < 0, then 
w E V. Calculations show that w satisfies 



' (e-'*w) t + (a(e- s Vw) x ) x = h, {t, x) e (0, T) x (0, 1), 
w(t, 0) = w(t, 1) = 0, te(0,T), 
w(T,x) = w(0,x) = 0, xe(0,l). 

The previous problem can be recast as follows. Set 

Lv := Vt + {av x ) x and L s w = e sv L{e~ SLp w) , s > 0. 

Then (|3. 6|) becomes 

' L s w = e s fh, 

w{t,0) =w(t,l) = 0, te(0,T), 
w(T, x) = w(0, x) = 0, xe(0,l). 



(3. 6) 



Computing L s w, one has 



L s w = + L s w, 



where 
and 

Moreover, 



L^w := (atu x )a; — stptw + s 2 a(p 2 w, 
L~w := w t - 2sa(p x w x - s(atp x ) x w. 



2{Ltw,L-w) < 2(L+w,LJw) + \\L+w\\ 2 La(QT) + \\LJw\\ 2 La{QT) 



= \\L,w 



s w \\L2(Q T ) 



= \\he s m, 



(3. 7) 



(Qt) 



where (•, •) denotes the usual scalar product in L 2 (Qt)- As usual, we will 
separate the scalar product (Lfw, Ljw) in distributed terms and boundary 
terms. 
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Lemma 3.1. The following identity holds: 



(L+w,L s w) 

= - / / ip u w 2 dxdt + s / a(a<p x ) xx ww x dxdt 

* Jo Jo Jo Jo 

— 2s 2 / / aip x ip tx w 2 dxdt ; + s I I (2aip xx + aa'(p x )(w x ) 2 dxdt 

Jo Jo Jo Jo 

+ s 3 / / (2aip xx + a 1 \p x )cup 2 w 2 dxdt 

Jo Jo 



> {D.T.} 



(3. 8) 



s f 1 - s 2 f 1 

[aw x w t ] x x zldt - - [w 2 Vt ] t t zldx + — [otfivi 2 ]^ dt 



2 Jo 



2 Jo 



{B.T.} < 



+ / [— scp x (aw x ) +s aiptifixW - s a (ip x ) w } x=0 dt 
Jo 

+ / [-sa(atp x ) x ww x ]lzldt - - / a(w a; ) 2 



dx. 



Proof. It is the same as [U Lemma 3.4], but we represent it for the readers' 
convenience. First, 



nLfwwtdxdt = / / {(aw x ) x — siptw + s 2 a(tp x ) 2 w}wtdxdt 

Jo Jo 

= [a{x)w x w t Y x Z 1 odt - \j t (J Q a(w x ) 2 dx^jdt 

s f T f 1 s 2 f T f 1 

-- dt ifi t (w 2 ) t dx + — dt aif 2 x (w 2 ) t dx 

A Jo Jo ^ Jo Jo 

[aw x w t ] x x zldt - - [w 2 yt]\zldx+— [a(tp x fv?\\z£dt 



2 Jo 



(3. 9) 



1 d 



T i-l 



2dt\J a (™*) dx ) dt +2 

s 2 / cup x <p x tw 2 dxdt. 
Jo Jo 



2 Jo 

ipttw 2 dxdt 



o Jo 
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In addition, we have 
i-T r i 



o JO 



LgW(—2saip x w x )dxdt = —2s 



T n l 



+ 2s> 



T r l 



JO 



o- l ft i Px ( — ) dxdt — 2s 3 



fx 
T pi 



(aw x f 



dxdt 



o Jo 



a ip x ww x dxdt 



[— sip x (aw x ) +s atptPxW —s a ip x w ] x x=Q dt 



(3. 10) 



T P l 



if xx (aw x ) 2 dxdt — 



o Jo 
t P i 



T pi 



o Jo 



(aiftPx) xW 2 dxdt 



+ s" 

Jo . 
Moreover 

r T pi 



{(a((p x ) 2 ) x a(p x + cupl(aip x ) x }w 2 dxdt. 



o Jo 

s 



L^w(—s(a(f x ) x w)dxdt 

T pi 



-saw x w(a(p x ) x ] x=0 dt 



aw x {(a<p x ) xx w + (a(p x ) x w x }dxdt 



o Jo 
t r i 



o Jo 



{aip x ) x iptw 2 dxdt — s' : 



T pi 



o Jo 



a(tp x ) 2 (atp x ) x w 2 dxdt. 



(3. 11) 



□ 



Adding (|3~~g|) - (|3~TT|) . (j3~5)l follows immediately. 

Now, the crucial step is to prove the following estimate: 

Lemma 3.2. Assume Hypothesis 13. 11 Then there exists a positive constant Sq 
such that for all s > Sq the distributed terms of (|3. 8p satisfy the estimate 



T pi 



o Jo 

2 



2s 



ifttw dxdt + s 

T pi 



T pi 



a(aip x ) xx ww x dxdt 

rT pi 



o Jo 

T pi 



a(p x (ft x w dxdt + s / / (2a ip xx + aa'ip x )(w x ) dxdt 
Jo Jo 



(2a(p xx + a' \p x )aip 2 w 2 dxdt 



o Jo 

T pi 



C t 1 f l C A f T f 1 

— si I ea{w x ) 2 dxdt+ —s 3 / 9 
2 Jo Jo 2 Jo Jo 



> 



i (x - x ) 2 



'dxdt, 



for a positive constant C. 



Proof. Using the definition of ip, the distributed terms of Jq LfwL s wdxdt 
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take the form 

— / / Qipw 2 dxdt + s / a{a^')"Qww x dxdt 
2 Jo Jo Jo Jo 

-2s 2 [ [ 0<da{^') 2 w 2 dxd + s [ [ Qa{2cnp" + a'<ip')(w x ) 2 dxdt (3. 12) 

Jo Jo Jo Jo 



+ s 3 / e 3 a(2atp" + a'ip')(tp') 2 w 2 dxdt. 
Jo Jo 

Because of the choice of ^>(x), one has 

, \ i it / \ i / \ it/ \ 2a(x) — a'(x)(a; — xn) 

2a(xW'(x) + a'(xU'(x) = a— ^ ^ — 

a{x) 

and (a(x)ip'(x))" = 0, a.c. in [0, 1]. Thus (|57T2"|> becomes 



/.l /.T /.l 

..2 j — u o„2 



Oipw z dxdt -2s z \ \ GQaWYiL < 2 dxdt 
'o Jo JO Jo 



sci / / 0(2a(x) — a'(x)(x — xo))(w x ) 2 dxdt 
Jo Jo 

s 3 ci f [ e 3 (i>') 2 {2a(x)-a'(x)(x-x ))w 2 dxdt. 
Jo Jo 



By assumption, one can estimate the previous terms in the following way: 



T r l pT pi 

Qi)w 2 dxdt -2s 2 I I Q<da{iP') 2 w 2 dxdt 
'o Jo Jo Jo 

+ sc\ I I Q(2a(x) — a' (x)(x — xo))(w x ) 2 dxdt 
Jo Jo 

+ s 3 Cl [ [ e 3 (ip') 2 (2a(x)-a'(x)(x-x ))w 2 dxdt 
Jo Jo 

> -2s 2 [ [ <dOa(iP') 2 w 2 dxdt + - [ ( Qipw 2 dxdt 
Jo Jo 2 Jo Jo 



+ sC f f Qa(w x ) 2 dxdt + s 3 C 3 f f 6 3 ^ — X ^-w 2 dxdt, 
Jo Jo Jo Jo a 

where C > is some universal positive constant. Observing that |00| < 
c @9/ 4 < c q3 anc j |q| < c @3/2^ £ Qr a p 0S itive constant c, we conclude that, 
for s large enough, 



„2 



< 2cs 2 / f e 3 a(^') 2 w 2 dxdt 
Jo Jo 



-2s l \ \ QQa{il/y W 2 dxdt 
Jo Jo 

2cs 2 ( T f 1 e 3 c 2 1 {x ~ Xo)2 w 2 dxdt<—s 3 f T f 1 e 3 {x ~ Xo)2 w 2 dxdt. 

Jo Jo a 4 J J a 
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Moreover, 



T r l 



Qipw 2 dxdt 



o Jo 



s 



C1C2 

+ S — C 



T pi 



Jo 

T r l 



Q 3/2 bw 2 dxdt 
3/2 w 2 dxdt 



Jo 



(3. 13) 



where b{x) 



C ° dy > 0. Now, since the function x H> — — 7^ — is 



nonincreasing on [0,xo) and nondecreasing on (xo, 1] (see Lemma l2.1j) . one has 
b(x) < ,[ X , , sec dOl)- Hence 



{2-K)a{x)- 



2° lC 



C 3 



Jo 



for s large enough. 

It remains to bound the term 
ity, we find 



3 (x — ^o) 2 ... 



e- 1 



w dxdt. 



Using the Young inequal- 



C\C 2 



cic 2 
s——c 



Q 3/2 w 2 dx 



.1/3 



3cic 2 , 
— s — 4 — 



o V \x-x \ 2 / 3 

1 «V3 



3/4 



e 



C1C2 



3 |a; — ar [ 2 2 X 



(3. 14) 



-w dx + s — — c / 9 



1 „ 3 \x-x \' 



w dx. 



o |x-x | 2 / 3 

Now, consider the function p(x) = (a(x)\x — xq] 4 ) 1 ^ 3 - It is clear that, set- 

4\ 2/3 m-*o) a V /in 



ting Ci := max 

' (X - Xq) 



a(x) 



a(x) 



a(0) 
2/3 

< Cio(x) and 



o(l) 



a 1 / 3 



by Lemma l2.ll we have p(x) 
p(x) 



Moreover, using 

\x — Xo\ z / A [x — XqY 



p(x) d 

Hypothesis 13. 1[ one has that the function 1— , where q := £ (1)2), 

\x-xo\i 3 

is nonincreasing on the left of x = .To and nondecreasing on the right of x = xq. 
The Hardy- Poincare inequality (see Proposition 12. ip implies 



,1/3 



F 



xo\ 2 ' 3 



?dx= I 9 



/ e p w 2 dx < c HP I e P (w x ) 2 dx 

Jo \ x ~ x o) Jo 

< ChpCi / Qa(w x ) 2 dx, 
Jo 



(3. 15) 
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where Chp and C\ are the Hardy-Poincare constant and the constant introduced 
before, respectively. Thus, for s large enough, by (|3. 14[) and (|3. 15|) . we have 

2 Jo 2 j 8 j a 

for a positive constant C. Using the estimates above, from (|3. 13[) we finally 
obtain 



T i-l 



o Jo 



Qtpw dxdt 



C 
< —s 
~ 2 

C 3 3 



T r l 



JO 



<da(w x ) 2 dxdt 



% 3 (*-*o) 2 



w 2 dxdt. 



Summing up, we obtain 



JO 
2 



T ,-1 



2s 



a(cup x ) xx ww x dxdt 

r-T ,-1 



T r l 

cup x <ptxW 2 dxdt + s / / (2a 2 (p xx + aa'ip x ){w x ) 2 dxdt 
Jo Jo 



o Jo 
t r i 



(2a(p xx + a' \p x )a{ip x ) 2 w 2 dxdt 



C 
> 2 S 



o Jo 

T r l 



JO 



c 3 

&a(w x ) 2 dxdt + —s 3 



o Jo 



Q3 (X X0? w 2 dxdL 



□ 



For the boundary terms in (|3. 8j) . it holds: 
Lemma 3.3. The boundary terms in (|3. 8[) reduce to 

1 [QiaWxf^Hldt. 

Proof. Using the definition of ip, we have that the boundary terms become 

(B.T.) 



[aw x Wt — sa ( d{axl>')'wwx + s 2 <dOaipip'w 2 
- s 3 a 2 e 3 (tp') 3 w 2 - s<d{aw x ) 2 ^]xZldt 

+ S l a w 2 W) 2 Q 2 ]-a(w x ) 2 } ' 



(3. 16) 



da;. 



Since u> G V, w G C([0, T]; i^(0, 1)). Thus w(0,cc), w(T,x), w x (0,x), w x {T,x) 

and [a^u^) 2 ]^ da; are indeed well defined. Using the boundary conditions of 
w and the definition of w, we get that 



t—T 



dx = 0. 



t=0 
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Moreover, since w £ V, we have that w t (t, 0) and w t {t, 1) make sense. There- 
fore, also a(0)w x (t, 0) and a(l)w x (t, 1) are well defined. In fact w(t, •) £ H 2 (0, 1) 
and a(-)w x (t,-) £ W x,1 (0, 1) C C([0, 1]). Thus /^[a^H^o* is well defined 
and actually equals 0, as we get using the boundary conditions on w. 

Now, consider the second, the third and the fourth terms of (|3. 16[) . By 
definition of i\> and using the hypothesis on a, the functions (aip')' , aipi/i' and 
a 2 (ip') 3 are bounded on [0, 1]. Thus, by the boundary conditions on w, one has 



[a&{aijj'yww x ] x —Q dt = s 2 



QQaijj'ip'w 2 



dt 

x=0 



s 3 



[a 2 e 3 (^X=o dt = °- 



□ 



From Lemma |3. 11 Lemma 13.21 and Lemma 13.31 we deduce immediately that 
there exist two positive constants C and so, such that all solutions w of (|3. 6[) 
satisfy, for all s> sq, 



/ / L^wL s wdxdt > Cs / Oa(w x ) 2 dxdt 
Jo Jo Jo Jo 



Cs 3 ( T f 1 9 3 {X Xo)2 w 2 dxdt (3. 17) 



o Jo 



a 



Jo 



Thus, a straightforward consequence of (|3. 71) and of (|3. 171) is the next 
result. 



Proposition 3.1. Assume Hypothesis 13.11 and let T > 0. Then, there exist two 
positive constants C and Sq, such that all solutions w of (|3. 6[) in V satisfy, for 
all s > Sq, 

1 <da(w x ) 2 dxdt + s 3 f T f 1 <3 3 {x ~ Xo)2 w 2 dxdt 
Jo Jo a 

T 
JO 

Recalling the definition of w, we have v = e~ s(p w and v x = — sQtp' e~ ' Slf 'w + 
e~ sv w x . Thus, substituting, Theorem 13.11 follows . 



<C / / \h\ 2 e 2s ^ x) dxdt + s [Ga 2 w 2 x ip'] X x Zldt 
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4 Observability inequalities 

4.1 Observability result and application to null controlla- 
bility 

Now, we associate to the linear problem 2\i the homogeneous adjoint problem 

v t + (av x ) x = 0, (t, x) e Qt, 
v(t,0)=v(t,l) = 0, te(0,T), (4. 1) 

v(T,x) = v T (x), 

where vt(x) £ L 2 (Q, 1). By the Carlcman estimate in Theorem 13. 11 we will de- 
duce the following observability inequality for both the weakly and the strongly 
degenerate cases: 



Proposition 4.1. Assume Hypothesis 13.11 and let T > 0. Then there ex- 
ists a positive constant Ct such that every solution v £ C°([0, T]; £ 2 (0, 1)) PI 
L 2 (0,T;i^(0,l)) of (14~T1) satisfies 

v 2 (0,x)dx < C T ( I v 2 {t,x)dxdt. (4.2) 

JO Jw 

Using the observability inequality (|4. 2[) and a standard technique (e.g., see 
[21)1 Section 7.4]), one can prove the null controllability result for the linear 
degenerate problem (|1. 2[) . one of the main results of this paper. 

Theorem 4.1. Assume Hypothesis 13.11 Then, given T > and Uo £ i 2 (0, 1), 
i/iere exists h £ L 2 (Qt) suc/i £/ia£ </ie solution u of (jl. 2[) satisfies 

u(T,x) = /or every x £ [0, 1]. 

Moreover 



f |/i| 2 dxdi < C / ul(x)da 
o Jo 



/or some positive constant C . 

4.2 Proof of Proposition 14.11 

In this subsection we will prove, as a consequence of the Carleman estimate 
proved in Section |3l the observability inequality (|4. 2[) . For this purpose, we 
will give some preliminary results. As a first step, consider the adjoint problem 

v t + (av x ) x = 0, (t, x) £ Q T , 

v(t,0) = v (t,l) = 0, i£ (0,T), (4. 3) 

v(T,x) = v T (x) £ D(A 2 ), 
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where 

D(A 2 ) = {u G D(A) | Au G D(.A) } 

and := (au x ) a . Observe that -D(*4 2 ) is densely defined in D(A) (see, for 
example, [5J Lemma 7.2]) and hence in L 2 (0, 1). As in [TT], [T2] or [23], define 
the following class of functions 

W := |u is a solution of (14. 31) j. 
Obviously (see, for example, Theorem 7.5]) 

WCC^ICT); # a 2 (0,l)) C VcU, 
where, V is defined in (|3. 51) and 

W:=C([0,T];L 2 (0,l))nl 2 (0,T;^(0,l)). (4. 4) 

We start with 

Proposition 4.2 (Caccioppoli's inequality). Let tu' audio two open subintervals 
of (0, 1) such that uj' CC u> CC (0, 1) and xq S" w'. Let s > and ip(t,x) = 
0(i)T(a;), where O is defined in (|3. 31) and T G C 1 ([0, 1], (— oo,0]). Then, there 
exists a positive constant C s such that every solution v G W of the adjoint 
problem (|4. 3[) satisfies 

T r rT , 

(v x ) 2 e 2sip dxdt < C s / w 2 dxdi. (4. 5) 



'0 Ju' JO Ju 

Proof. Let us consider a smooth function £ : [0, 1] — > R such that 

'0<£(x)<l, for all x G [0,1], 
£(x) = 1, x £ oj', 
E(x) = 0, ie[0,l]\w, 



19 



Since v solves (|4. 3[) . we have 

= £ 1 Qf ' ee 2sv v 2 dx^j dt = £ £ 2 S e Vt e 2s *v 2 + 2? e 2s * vv t dxdt 

= 2 [ [ £ 2 sip t e 2sv v 2 dxdt + 2 [ [ fe 2sv v(-{av x ) x )dxdt 
Jo Jo Jo Jo 

£ 2 s<p t e 2stp v 2 dxdt + 2 / / (£?e 2stp v) x av x dxdt 



o Jo Jo Jo 



2 [ [ Z 2 sipte 2sip v 2 dxdt + 2 [ [ (£ 2 e 2sv ) x avv x dxdt 

Jo Jo Jo Jo 

2 f [ £ 2 e 2sip av 2 x dxdt 

Jo Jo 

-2 [ [ ^ 2 SLp t e 2sip v 2 dxdt + 2 [ [ {£, 2 e 2sip ) x avv x dxdt 

Jo Jui JO Jui 

-2 f [ i 2 e 2s ^av 2 x dxdt. 

Jo Jui 



Hence, 



2 / £ 2 e 2sv av 2 x dxdt = -2 / / £ 2 ' stp t e 2sif 'v 2 'dxdt 

JO Ju> Jo Jui 

i-T 

C 2 p 2s V 



-2 / {ee 2s *) x avv x dxdt 

Jo Jul 

<-2 f I £ 2 s<p t e 2sv v 2 dxdt+ I I (y/a^e 3tp v x j 2 dxdt 



Thus, 



fa^— ^—v\ dxdt 

< -2 [ T ( e^te 2sv v 2 dxdt + [ T { [ ^[fp x]2 av 2 dxdt 
Jo Ju, Jo Ju, re 28 * 1 

+ f / i 2 e 2sip av 2 x dxdt. 

Jo Jul 

f f i 2 e 2sip av 2 x dxdt < -2 f f fsip t e 2sip v 2 dxdt 

Jo Jui Jo Jui 



av dxdt. 
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Since .To u', then 



O Jo; 



info(x) y y e 2sv v 2 x dxdt< j j_^ 2 e 2sip av 2 x dxdt 
< f [ Z 2 e 2sv av 2 ,dxdt 

JO Jui 



fT r i-T 

< -2 



£ 2 sw t e 2sv v 2 dxdt+ / / [vq : „ )xi av 2 dxdt. 

Jo J* ee 2sv 

Finally, using the fact that <pte 23V and ipe 2sv are bounded, and that \x — xq\ 2 /a 
is nonincreasing for x < xq and nondecreasing for x > xq (see Lemma l2.ip , we 
can find a positive constant C s such that 



T 



-2 / / Z 2 s(p t e 2s ' f 'v 2 dxdt+ / / ^ e Jj av 2 dxdt 



i(ee 2s n x ? 



< C, / / w 2 cfedi, 



and the claim follows. □ 

We shall also use the following 

Lemma 4.1. Assume Hypothesis 13.11 TTien i/iere ea;«si <wo positive constants 
C and Sq such that every solution v € W of (|4. 3p satisfies, for all s > s , 

T f 1 ( sOav 2 x + s 3 Q 3 ( X ~ Xo)2 v 2 ) e 2s *dxdt < C f [ v 2 dxdt. 
o Jo \ a J Jo Jw 

Here and ip are as in (|3. 3[) . 

For the proof of the previous lemma we need the following classical Carlcman 
estimate (see, for example [H Proposition 4.4]): 

Proposition 4.3 (Classical Carleman estimates). Let z be the solution of 

{z t + (az x ) x =h£ L 2 ((0,T) x (A,B)), 
\z(t,A)=z(t,B) = 0, te(0,T), 

where a £ C 1 ([A, £?]) is a strictly positive function. Then there exist two positive 
constants r and sq such that for any s > So 

T B T B 

[ [ sQe r t(z x ) 2 e- 2s *dxdt+ [ [ s 3 Q 3 e 3 < z 2 e - 2s ' s ' dxdt 

Jo J A Jo J A 



I A JO J A 

rT pB r T r . X=B 



< c / / e- 2s *h 2 dxdt - c 

JO J A JO 



a(t,-)e- 2 ^\z x (t,-)\ 2 



dt, 

=A 
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for some positive constant c. Here the functions C, a and <E> are defined in the 
following way: 



C(*) 



1 



-.dy 



i 



-.dy, cr(t,x) :=rse(t)e r ^ x \ 



$(t,x) := 9(i)#(x) and #(x) := e 2r ^ - e rC ^ ) > 0, 

where r,s > and (£,x) £ [0,T] x 

(Observe that <i> > and $(t, x) -» +oo, as i I 0, £ t 

Proof of Lemma lA.ll Set A^ := infojj and /3j := supw.;, i = 1,2, where Wi, a_>2 
are as in (|1. 3|) . Then, consider a smooth function £ : [0, 1] -> R such that 



0<£(x)<l, for all x e [0,1], 
t(x) = l, xe[Ai !( 9 2 ], 
[£(x)=0, xs[0,1]\cj. 

Define u> := £u, where v is the solution of (|4. 3|) . Hence, w; satisfies 

\w t + {aw x ) x = {a£ x v) x + £ x av x =: /, (t, x) G (0, T) x (0, 1), 
[ «;(*, 0) = w(t, 1) = 0, fe(0,T). 



(4. 8) 



Applying Theorem l3.1l and using the fact that w = in a neighborhood of x = 
and x = 1, we have 



t r i 



(s&a(w x ) 2 + s 3 6 



3 (x-xo) 5 



2 )e 2sip dxdt < C / e 2sip f 2 dxdt 



(4. 9) 

for all s > so. Then, using the definition of £ and in particular the fact that £ x 
and £ xx are supported in w, where a) := [info;, Ai] U [/32,supw], we can write 

f = ((of x «)x + £x<Wx) 2 < C(« 2 + M 2 )Xci, 

since the function a x is bounded on w. Hence, applying Proposition 14.21 and 
flPD , we get 



T 

J A 



s e a (v x ) 2 + s 3 e 3 {x Xo) \ 2 



e 2stp dxdt 



JAi 



(sQa(w x j 2 + s 3 e 



2 i „3c>3 ( x ^o) 2 ,.^ 



< 



^0 



3 (x-x ) 5 



(4. 10) 



2 )e 2sv dxdt 



< C 



Ju 



s@a(w x ) 2 + s 3 9 
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for a positive constant C. Now, consider a smooth function rj : [0, 1] — > R such 
that 

'o< 17(a) <1, for aU x G [0,1], 
r)(x) = 1, X G [/? 2 , 1], 

r)(x) = 0, x G 

Define z := 7711, where « is the solution of (|4. 3[) . Then z satisfies (|4. 6p and 
(|4. 7[) . with ft, := (arj x v) x + rj x av x , A — A2 and J3 = 1. Since /i is supported in 



A 2 +2/3 2 



ft 



. by Propositions 14.21 and 14.31 with 



C(x)=Ci(x) := 



1 1 



A 2 \/a(y) " A 2 V«Ty) 



we get 



( T f s<de r ^{z x ) 2 e- 2s *dxdt+ T s 3 e 3 e 3rCl z 2 e - 2s *dxcft 
Jo Ja 2 Jo A 2 



T /■! 



T /.l 



10 J\ 2 
rT 



<c / e- 2s *h 2 dxdt<C / e- 2s *(« 2 + (v x ) 2 )dxdt (4.11) 



JtDi 



< c 



v 2 dxdt, 



where Qi = (A2,/?2)- 

Now, choose the constant c\ in (|3. 3|) so that 

e 2rCi(A 2 ) _ x 
Cl > - 



(l-x )» ' 
C 2 - a(l)(2-A-) 



where £1 is defined as before. Then, by definition of tp, the choice of ci and by 
Lemma [231 one can prove that there exists a positive constant k, for example 



k = max < max 



such that 
and 



(1-xp) 2 
fxTXr' a(l) 

a( ^ys V {t,x) < A . e r (l ( K ) e -2 S *(t^) 
(g - Xp) 2 c 2s V (t,x) < ke rCi(x) e -2s<i>(t.x) < fc g3rCi (s) g-2s*(t ,x) 

a(x) 



for every (t,x) G [0,T] x [A 2 , 1]. Thus, by ([4. lip , one has 
/o Ja 2 v - 



<k [ [ sQe rCl {z x ) 2 e- 2s *dxdt + k [ [ s 3 6 3 e 3rCl z 2 e~ 2s ' s 'dxdt 



T /•! 



< kC I I v 2 dxdt, 
Jq Juj 
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for a positive constant C . As a trivial consequence 

a 



J ft. 



T /■! 



'0 ./ft 



< 



10 J\ 2 



(sea(v x ) 2 + s 3 3 {x ~* o) v^e^dxdt 

(s®a{z x f + S 3Q3 (^-^O) 2 z 2y2 SVdxdt 

( S Qa(z x ) 2 + s 3q3 (^o) 2 z 2y2 SVdxdt 



(4. 12) 



< kC 



v dxdt, 



for a positive constant C . 

Thus (|4~T0|) and (|4~T2l) imply 



r/; 

'0 J\x 



dxdt < C 



v 2 dxdt, (4. 13) 



for some positive constant C . To complete the proof it is sufficient to prove a 
similar inequality on the interval [0, Ai]. To this aim define the functions 



W(t,x) := 
where v solves (|4. 3p . and 

d(x) :- 



v(t,x), x G [0, 1], 

-v(t,-x), xe[-i,o], 



a(x), x € [0, 1], 
a(—x), x G [—1, 0] 



Then W satisfies the problem 

' W t + {aW x ) x = 0, 
W{t, -1) = W(t, 1) = 0, ie(0,T) 
W(T,x) = W T {x), 



(t,x) e (0,T) x (-1,1), 



(4. 14) 



with 

[v T {x), xG[0,1], 
|-ut(-x), xg[-1,0]. 

Now, consider a cut off function p : [— 1, 1] — >• K such that 



W T (x) 



0<p(x)<l, for all x G [-1,1], 
p(x) = 1, X G (-Ai,Ai), 
/o(x)=0, xe f-l, _ Ai+Mi 



Ai+2ft 1 
3 ' 1 
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Define Z := pW, where W is the solution of (|4. 14|) . Then Z satisfies (ji7~5|) 
and (|4. 7p , with h := (ap^W^)^ + p x dW Xl A = —f}\ and B = Now we use 
Proposition 14.21 and Proposition 14.31 with = £2 0*0, where 



C 2 (x) := 



- dy - 



Pi v5(y) " -/-ft v%) 



the fact that Z x (t, — /3i) = Z x (t,^i) = 0, the definition of W and the fact that 



p is supported in 



-Ai 



Ai, 



Ai+2/3i 



3 



give 



f f 1 S 9e^(Z :c ) 2 e- 2s *^+ / f 1 S 3 e 3 e 3 ^Z 2 e- 2s *d^ 
./o ./-ft Jo J-Pi 



< C 

< C 
= C 

< C 



T r 



e- 2s *h 2 dxdt 



J-Pi 







3 



(W 2 + W 2 )dxdt + C 



1 r 3 



J\ 



{W 2 + W 2 )dxdt (4. 15) 



(W 2 + W 2 )dxdt 



o Jx x 







M+2gl 



(v + (v x Y)dxdt <C / TTttedt, 



for some positive constants C, which we allow to vary from line to line. 
Now, choose the constant c\ in (|3. 3[) so that 



ci > 



JX { e 2rC 1 (A 2 )_ 1)6 2rC 2 (-A) _ 1} 



C2 — max 



\o(l)(2-K)' a(0)(2-A') / 



Thus, by definition of y?, one can prove as before that there exists a positive 
constant k, for example 

. (l-*o) 2 
k — max < max a 



such that 
and 



[-/3i,/3i] ' ffl(l) 
a ^ e 2. V (t^) < fce rC( a ) e -2 S *(t, 2: ) 

(g-gp) c2a y(t, x ) < fce rC(a:) e -2 ;S $(t, a: ) < fce 3rC(x) e -2 S *(t, :C ) 

a(x) 
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for every (t,x) £ [0,T] x [-ft, ft]. Thus, by (|4. 15p . one has 
( S 85(Z a ) 2 + s 3 9 3 {X ~ a X ° )2 Z 2 ) e 2s ^dxdt 
<k [ f 1 sOeT^Zxfe-^dxdt + k [ [ * s 3 e 3 e 3rC Z 2 e - 2s<E, dxdi 



< fcC / / v 2 efa;<ii. 

JQ Ju 



Hence, by (|4. 16[) and the definition of W and Z, we get 

Ve 3 (x ~ Xo) V 2 + a eaw£V 2 **'<*«« 

a / 
" / T / Al (g 3 Q 3 ^ ~-. X0)2 W 2 + sQ~aWl)e 2s *dxdt 



(4. 16) 



s 3 e 3 {x Xo) " z 2 + sQdzAe^dxdt 
a I 



(4. 17) 



lo J-Xi " a 

/ T / ft f s 3 e 3 ^^z 2 + s eaz 2 )e 2 ^ c 



/0 J-ft 

< C I I v 2 dxdt, 



Juj 

for a positive constant C. 

Therefore, by (|4. 13|) and (|4. 17|) . Lemma IO follows. □ 

We shall also use the following 

Lemma 4.2. Assume Hvvothesis \3.l\ and let T > 0. Then there exists a positive 
constant Ct such that every solution v £ VV of (|4. 3p satisfies 



v 2 {0,x)dx < C T / / v 2 (t,x)dxdt. 

JO Juj 

Proof. Multiplying the equation of (|4. 3[) by Vt and integrating by parts over 
(0, 1), one has 



0=1 (v t + (av x ) x )v t dx = I (vf + (av x ) x v t )dx = / v 2 dx + [av x v t ]* =0 

o Jo 

2dtJ aM ^-2dtJ 





av x v tx dx = / v t dx - -— I a(v x ) > —-— / a(v x ) dx. 
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Thus, the function t H> J Q a(v x ) 2 dx is increasing for all t <G [0, J 1 ]. In particular, 

Jq av x (0, x) 2 dx < J Q av x (t, x) 2 dx. Integrating the last inequality over [-j,^-], 
O being bounded therein, we find 



3T 

a(v x ) 2 (0,x)dx < — / / a(v x ) 2 (t,x)dxdt 



<C T / / s9a(w x ) 2 (i,x)e 2s¥, da;di. 



Hence, by Lemma 14.11 and the previous inequality, there exists a positive con- 
stant C such that 



a(v x ) 2 (0,x)dx < C / / v 2 dxdt. (4. 18) 

JO Juj 

Proceeding again as in the proof of Lemma 13.21 and applying the Hardy- 
Poincare inequality, by (|4. 18[) . one has 

1/3 „l 

v 2 (0, x)dx = / —v 2 (0, x)dx 



o \{x~x ) 2 J J (x-x ) 

< C H p I p(v x ) 2 (0,x)dx 



<C x C H p \ a(v x y(0,x)dx<C / / v 2 dxdt, 

JO Jo Juj 

for a positive constant C. Here p(x) = (a(x)\x — xo] 4 ) 1 ^ 3 , Chp is the Hardy- 

f / x 2 \ 2/3 { (1 - x ) 2 \ 2/3 \ 

Poincare constant and Ci := max < f . . I , f — — I > , as before. 

\\a(0)J '\ o(l) J /' 

a(a;) 
(a; - x ) 

(xq, 1], then 



By Lemma 12.11 ^ i s nondecreasing on [0, Xo) and nonincreasing on 



I \ \ 1 / 3 f / m \ V 3 / / n \\ 1/3' 



> C 2 := min <^ - w >n , -V ^ > 



(x-x ) 2 J |v(i-a;o) 2 / ' V x l 



Hence 

^2 j„ ^ r< I I „.2 



JO io iw 

and the thesis follows. □ 

Proof of Provosition |4~T1 Let «t e £ 2 (0, 1) and let v be the solution of (|4. ip 
associated to vt- Since £>(.4 2 ) is densely defined in L 2 (0,1), there exists 
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a sequence (v^) n C D(A 2 ) which converges to vt in L 2 (0,1). Now, con- 
sider the solution v n associated to v^. Obviously, (v n ) n converges to v in 
L°°(0,T;L 2 (0, l))nL 2 (0,T; i?i(0,l)) (sec, e.g., 0) and, by Lemma H21 



u^(0, x)dx < Ct / / v^dxdt. 

JO Ju) 



Clearly, 



and 



lim / / v^dxdt = / v 2 dxdt 

Jbj Jo iu 

lim / v 2 1 (0,x)dx = / v 2 (0,x)dx 

n— f+oo ' 



'0 JO 

so that Proposition [4J] is now proved. □ 

5 Linear and Semilinear Extensions 
5.1 Linear extension 

In this subsection we want to extend the global null controllability result proved 
in the previous section to the linear problem 

'u t -(a(x)u x ) x + c(t,x)u = h(t,x)xu,(x), M G (0,T) x (0,1), 
u(t, 1) = u(t, 0) = 0, ie(0,T), (5.1) 

it(0, x) = uo(x), i£ (0,1), 

where u £ L 2 (0,1), /i G L 2 (Qt), c £ L°°(Qt), oj is as in 3p and a satis- 
fies Hypothesis 13.11 Observe that the well-posedness of (|5. ip follows by [2"4l 
Theorem 4.1]. As for the previous case, the global null controllability of (|5. ip 
follows in a standard way from an observability inequality for the solution of 
the associated adjoint problem 

vt + (av x ) x -cv = 0, (t, x) £ (0, T) x (0, 1), 
v(t, 1) = v(t, 0) = 0, t£(0,T), (5. 2) 

{v(T)=v T £L 2 (0,1). 

To obtain an observability inequality like the one in Proposition 14.11 the fol- 
lowing corollary, consequence of Theorem 13. 1[ is crucial. For this, consider the 
problem 

iv t + (a(x)v x ) x - cu = h, (t,x)£(0,T)x(0,l), 
\ v (t, 1) = v (t, 0) = 0, t£(0,T). 
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Corollary 5.1. Assume Hypothesis 13.11 and let T > 0. Then, there exist two 
positive constants C and sq, such that every solution vinVof (|5. 3[) satisfies, 
for all s > sq, 



J J (sQa(v x ) 2 + s 3 9 3 (X * o) v 2 ^j e 2a *dxdt 

~ ° \L L ^ 2e2SVdxdt + SCl J Q [ aQe2stp ( x - xo)(v x ) 2 dt]lllj , 
where c\ is the constant introduced in (|3. 3p . 

Proof. Rewrite the equation of (|5. 3[) as v t + (av x ) x = h, where h := h + cv. 
Then, applying Theorem 13.11 there exists two positive constants C and s > 0, 
such that 

£ jf 1 (s<da(v x ) 2 + s 3 e 3 ^-^0) 2 t ,2^ e 2s Vdxdt 

/ T 1 T \ 4) 

<C( f [ \h\ 2 e 2sv dxdt + s Cl [ [aee 2sv {x-x )(v x ) 2 dt] X x Z 1 ) 



o Jo 



for all s > so. Using the definition of h, the term J Q T \h\ 2 e 2sv< ^ t,x ^ dxdt can be 
estimated in the following way 

pT pi pT p\ /"-^ /*! 

/ / \h\ 2 e 2sif dxdt<2 / |/i| 2 e 2 ^dxdi + 2||c||2 } / / e 2sip v 2 dxdt. 
Jo Jo Jo Jo Jo Jo 

(5. 5) 

Applying the Hardy-Poincare inequality (see Proposition 12.1 1) to w(t,x) := 
e sv( - t ^v(t, x) and proceeding as in (|3. 14[) . recalling that < inf 9 < 9 < c6 2 , 
one has 

e 2sv v 2 dx = C w 2 dx<C f 1 a(w x ) 2 dx + ^ C ix ~ Xo)2 w 2 dx 
Jo Jo 2 Jo a 

2 



<CQ [ ae 2 ^(v x ) 2 dx + Ce 3 s 2 [ e^v 2 ^ Xo) dx 
Jo Jo a 



Using this last inequality in (|5. 5p . we have 

[ T f \h\ 2 e 2s ^ x) dxdt < 2 [ T f \h\ 2 e 2sip dxdt 
Jo Jo Jo Jo 



+ H£» Wt) C ( f Qae 2sv (v x ) 2 dxdt 
Jo Jo 



c 



2 ^<2 



3„2s V ( x ~ x oY 



Cs 2 / / 9 3 e 2s ^ °> v 2 dxdt 



(5. 6) 
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for a positive constant C. Using this inequality in (|5. 4p . we obtain 
£ £ (sQa(v x f + 3 3e 3 ( " o) V ) e^dxdt < c{2 £ £ \h\ 2 e 2s *dxdt 



Qae 2s *(v x ) 2 dxdt + s 2 C t e 2s ^e 3 {x ^ v 2 dxdt 
Jo Jo a 

sci / [aQe 2 ^\x-x ){v x ) 2 dt] x x ^j. 



Hence, for all s > So, where s is assumed sufficiently large, the thesis follows. 

□ 

As a consequence of the previous corollary, one can deduce an observability 
inequality for the adjoint problem (|5. 3p . In fact, without loss of generality 
we can assume that c > (otherwise one can reduce the problem to this case 
introducing v := e~ xt v for a suitable A). Using this assumption we can prove 
that the analogous of Lemma H. II and of Lemma H. 51 still hold true. Thus, as 
before, one can prove the following observability inequality: 



Proposition 5.1. Assume Hypothesis 13.11 and let T > 0. Then there exists a 
positive constant C such that every solution v £ hi of (|5. 2[) satisfies 



v 2 (0,x)dx <C T / / v\t,x)dxdt. (5. 7) 

Jo Juj 

Here 

U := H\0, T: L 2 (0, 1)) n L 2 (0, T; H 2 (0, 1)) n C°([0, T\; ff*(0, 1)). 
Thus the null controllability property follows in a standard way: 



Theorem 5.1. Assume Hypothesis 13.11 Then, given T > and Uq £ L 2 (0, 1), 
there exists h € L 2 (Qt)) such that the solution u of (|5. 1|) satisfies 

u(T,x) = for every x G [0, 1]. 

Moreover 

pT r l pi 

\h\ 2 dxdt <C ul(x)dx, 



io Jo Jo 

for some positive constant C . 

5.2 Semilinear extension 

In this section we extend the result of Theorem 14.11 and Theorem 15.11 to semi- 
linear degenerate parabolic equation of the type 

' u t - (a(x)u x ) x + f(t,x,u) = h{t,x) X u J (x), (t,x) € (0,T) x (0,1), 
u(t, 1) = u(t, 0) = 0, ie(0,T), (5.8) 

u(0,x) = u (x), x G (0, 1), 
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where (t,x) e (0,T) x (0,1), u a g L 2 (0, 1), € L 2 (Q T ), and cj is as in ffT7~5]) . 
Moreover, on a and / we make the following assumptions: 

Hypothesis 5.1. The function a satisfies Hypothesis 11.11 and (|3. 2|) , 

Hypothesis 5.2. Let / : [0,T] x [0, 1] x R — > R be such that 

1. 

V q g K, (t, x) H> /(i, x, g) is measurable, (5-9) 

2. 

for a.e. (t, x) € (0, T) x (0, 1), /(i, x, 0) = 0. (5. 10) 

3. f q {t,x,q) exists, f q is a Carathcodory function and there exists C > 
such that for a.e. (t, x) g (0, T) x (0, 1) and for every q g R 

|/,(t,a;,g)|<C. (5.11) 

Under the previous assumptions, by (24] Theorem 4.6], we have that (|5. 81) 
has a solution u € C([0, T]; L 2 (0, 1)) n L 2 (0, T; H%(0, 1)). We underline the fact 
that this existence result is based on the following compact result, for which the 

assumption — g i 1 (0, 1) is crucial: 
a 

Theorem 5.2 ([21], Theorem 5.4). Assume Hypothesis 15.11 Then 

H 1 (0,T;L 2 (Q, 1)) n L 2 (0, T; ff 2 (0, 1)) is compactly imbedded in 
L 2 (0,T;^(0,l))nC(0,T;I 2 (0,l)). 

To prove controllability results we will use, as in [2] or in [10] . a fixed point 
method. For this purpose, we consider the linear problem associated to (|5. 8[) . 
i.e. 

u t - (a(x)M x ) a . + c(t, x, u)u = h(t, x)xu(x), (t, x) g (0, T) x (0, 1), 
u(t, 1) = u(t, 0) = 0, te(0,T), 
u(0,x) = Uo(a;), a; g (0, 1), 

(5. 12) 

where 

c(t, x, «):= / f q (t, x, Xu)dX. 
Jo 

Then, by Theorem 15 .1| one has that there exists a control /i g L 2 (Qt) such that 

u(T, x) = for all x g [0, 1] 

an( i T 1 j 

/ |/i| 2 dxdi < C / u (x) 2 dx, 
o Jo Jo 



for a positive constant C. Using this result, Theorem 15.21 and the Schaudcr's 
Theorem, one can prove as, for example, in [2] or [10], that (|5. 8p is global null 
controllable: 
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Theorem 5.3. Assume Hypotheses and 15.21 Then, given T > and uq £ 
L 2 (0, 1), there exists h G L 2 (Qt) such that the solution u of (|5. 8p satisfies 



u(T, x) = /or every x £ [0, 1] 

Mor 

Mg(x)<ia;, 



/ / |/i| 2 cfodt < C / 
Jo Jo Jo 



/or some positive constant C . 



6 The linear strongly degenerate case under gen- 
eral assumptions: regional and persistent re- 
gional controllability 

In this section we consider the linear problem (|5. 1[) under weaker assumptions 
on a and on the control set to. 

Hypothesis 6.1. There exists x$ £ (0, 1) such that a(xo) = 0, a > on 
[0, 1] \ {x }, a € VF 1,oo (0, 1) and a" 1 £ L x (0, 1). 

Note that the strongly degenerate case falls within this setting, as well as 
the case in which (x — Xo)a' < Ka when K > 2. 

Concerning the control set, we only require that lo is an open set compactly 
contained in (0, 1) with xq G lo. 

We give the following definition: 

Definition 6.1. Problem (|5. Ij) is regional null controllable at time T in a set 
^ if for all Mo G L 2 (0, 1) there exists h £ L 2 (Qt) such that the solution u of 
(|5. 1|) satisfies 

u(T,x) = for every x G c & . (6. 1) 

As pointed out in [13], [14], [15], we note that the global null controllability 
is a stronger property than (|6. ip . in the sense that the former is automatically 
preserved with time. More precisely, if u(T, x) = for all x G [0, 1] and if we 
stop controlling the system at time T, then for all t > T, u(t, x) = for all 
x € [0, 1]. On the contrary, regional null controllability is a weaker property: in 
general, (|6. 1[) is no more preserved with time if we stop controlling at time T. 
Thus, it is important to improve the previous result, as shown in |13) . |14] or 
in |15j . proving that the solution can be forced to vanish identically on a set c € 
during a given time interval (T, T'), i.e. that the solution is persistent regional 
null controllable, according to the following 

Definition 6.2. Problem (|5. ip is persistent regional null controllable at time 
V > T > in ^, if for all u G L 2 (0, 1) there exists h G L 2 (Q T >) such that the 
solution u of (|5. ip satisfies 

u(t,x) = for (t,x) G [T,T'\ x ^ . (6. 2) 
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Since we assume that xq G id, and uj is open and compactly contained in 
(0, 1), we can find 

a,/3 £ uj and < a < x < ft < 1. (6. 3) 

We have the following result: 

Theorem 6.1. Consider T > T > and u G L 2 (0, 1). A ssume that c G 
L°° (Qt' ) and that Hypothesis 16.11 is satisfied. Then: 

(i) Regional null controllability. For every a and f3 satisfying (|6. 31) . 
i/iere exists h G L 2 (Qt) such that the solution u of (|5. 1[) satisfies 

u(T, x) = /or ewer?/ a; € [0, a] U 1]. 

Moreover, there exists a positive constant Ct such that 

l ,i 

h 2 {t,x)dxdt < C T u 2 {x)dx. (6.4) 
Jo 

(ii) Persistent regional null controllability. For every a and (3 satisfy- 
ing (|6. 3p . there exists h € L 2 (Qt') such that the solution u of (|5. ip satisfies 

u{t,x) = for (t,x) G [T, T'] x ([0,a] U [/3,1]). 

Moreover, there exists a positive constant Ct,T' such that 

[ [ h 2 (t,x)dxdt < C t ,t< [ ul(x)dx. (6.5) 
Jo Jo Jo 

Remark 3. An analogous result was proved in [13], [M] and [15] when the 
degeneracy occurs at the boundary of the domain. But, while in [15] the proof 
was based on suitable regional observability inequalities, (which constituted the 
major technical part of the paper), here, as in [T3] or in [Tl], we directly de- 
duce (i) from the classical null controllability results known for nondegenerate 
parabolic equations (see, e.g., [25] and [27]), using a technique based only on 
cut off functions. Then, (ii) follows from (i) (as in [T5]V 

Proof of Theorem \6A[ (i): First of all, we construct two suitable cut-off func- 
tions. Given 

S G (0, min {x - a, /3 - x , }) , 
consider fa and fa G C°°([0, 1]) such that < fa, fa < 1, 



fa(x) 

and 

fa{x) 



0, x G [a + S, 1], 

1, x G (0,a) 

'0, x G [0,13-6], 

1, x & [/3,1]. 
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As a first step, we consider the problems 

v t - {av x ) x + cv = hiXun(p,a+S)(x), {t,x) G (0,T) x (0,a + 6), 
v(t,0) = v(t,a + S)=0, te(0,T), (6.6) 

v(0, x) = uo(x), x G (0, a + S), 

and 

w t - (aw x ) x +cw = h 2 Xu,n(p-8,i){x), (t,x) G (0,T) x (/3 - 6,1), 

w(t,f3-5) = w(t,l) = 0, ie(0,T), (6.7) 

^y(0, x) = uo(x), x£ (0 — 5,1). 

Since there is no degeneracy on (0,q + 5) U (/? — 5, 1), by classical results for 
linear nondegeneratc parabolic equation in bounded domain (see for example 
[35] or [37]), we have that there exist ft-x G L 2 ((0,T) x (0,a + £)) and /i 2 G 
L 2 ((0,T) x(P-5, 1)) such that the solutions v of (|6~6"]) and 10 of (|577|) satisfy 

i>(T, a:) = 0, V x G (0, a + S) and w(T,x) = 0, V x G (j8 - 5, 1). 

Moreover, there exist two positive constants Ci and C2 such that 

ll^llll 2 ((0,T)x(0,Q+5)) - Clll u olll2( ,a+5) an d 

2 2 ' ' 

ll /l 2|| L 2(( T)>< ( / j_ ( 5 a ) ) < C 2 \\u \\ L2 ^_ sl y 

As a consequence, the usual estimate of v and w in terms of h\ and /12, respec- 
tively, imply: 

v (t)\\L'{0, a +S) dt + / ll^(*)lli=(0,a+«) d * ^ C 'l,T||"o|li2 ( o,a+5) ( 6 - 9 ) 

Jo 
and 

/ lk«(*)||i a0 j_i, 1) dt<C r 3 ,T||uo||i» j-tf,i )J (6. 10) 
Jo 

for some positive constants C± t T and Gi,t- 

Now, extend w to a function (still denoted by v for the sake of simplicity) 
defined in [0, 1] and obtained by an odd reflection around a+S, and, if necessary, 
also around 2a + 25, 3a + 35, and so on, until x = 1 is reached. Then v(t, x) := 
4>i(x)v(t, x) solves 

v t - (av x )x + c(t,x)v = h 1 (t,x)xu>(x), (t,x) G (0,T) x (0, 1), 

v{t,o) = v(t,i) = o, te(o,r), 

v(0,x) = 4>i(x)uq(x), x e (0, 1). 

Similarly, w(t,x) := 4>2{x)w(t,x) solves 

w t - (aw x ) x + c(t,x)w = h 2 (t,x)xu 1 (x), (t,x) G (0,T) x (0, 1), 
w(t,0) = w(t,l) = 0, ie(0,T), 
u>(0,a;) = (/> 2 (a;)ito(a;), i€ (0,1). 



34 



Here hi(t, x) := (f>ihix ul n(o,a+6)-(<t>i)x(av) x -((l)i) xx av-(<i>i) x av x and h 2 (t, x) := 
^2h2Xu!n(i3-s,i)-((p2)x(aw) x -(<p2)xxaw-(<p2)xaw m . (Notice that (<j>i) x , (<fii) xx , 
(<f>2)x, (02)xx arc supported in (a, a + 6) U (0 — S, (3)). Clearly, v and w satisfy 

v(T, x) = V x G [0, 1] and w(T, x) = V x G [0, 1]. 

Moreover, using (|6. 9|) and the fact that hi = on (a + 8, 1), one has 

h, 2 cfedi <K\ / h\dxdt+ / / H 2 efoeft 

H 2 dxA 

< i^l,T||lio||z,2(0, a +<5)) 

where i^i,T is a positive constant depending on T . Analogously, by (|6. 10j) . we 
get that there exists a positive constant K^,t such that 



rT ,-1 

: -2 



h 2 dxdt < K 2 ,T\\u O \\ L 2 (0 _ 5A y 

io Jo 

Now, let z be the solution of 

'z t -(az x ) x + cz = 0, {t,x)e (0,T)x (0,1), 
z(t, 0) = z{t, 1) = 0, ie(0,T), (6.H) 
z(0, a;) = wo(a;), i£ (0,1) 

(the well-posedness of (|6. lip follows from [241 Theorem 4.1]). Then, setting 
£ = 1 — 0i — 02, the function z(t,x) := ^(x)z(t,x) solves 

z t - (az x ) x + cz = h 3 Xu;(x), (t, x) € (0, T) x (0, 1), 
z(t, 0) = z(t, 1) = 0, ie(0,T), 
> z(0,x)=f(a;)uo(x), ze(0,l), 

where h^{t,x) := — ^(az) K — ^ K2; az — ^ x az K (note that £ x ,£xx arc supported in 
(a, a + S) U (/3 — S, (i)). Moreover, z satisfies 

z(T,x) = 0, Vx e [0,a] U 1], 

and, proceeding as for hi, one can prove that there exists a positive constant 
K-$ T such that 

r T r l /•! 



nh^dxdt < Ks t T / Up(x)dx. 
Jo 



Finally, 

u := v + w 
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solves 

u t - {au x ) x + cu = hx u (x), (t, x) £ (0, T) x (0, 1) 

u(t, 0) = u(t, 1) = 0, ie(0,T), 

u(0, x) = (0i + 02 + £) u o(a;) = uo(x), x 6 (0, 1), 

where 

/i := ft-i + /i2 + /i3- 

Moreover 

u(T,x) = 0Vie[0,a]U \J3,1], 
and we have found a positive constant CV such that 

h 2 dxdt < Ct I u Q {x)dx. 
o^o ./o 

(ii): Take 5 and /3 in cj such that 0<a<a<xo</3</3<l. 
By the first part of the theorem, it follows that for all T > and uq £ 
L 2 (0, 1), there exists hi £ L 2 (Qt) such that the solution z of 

' z t - {az x ) x + cz = hiXu(x), (t,x) £ (0,T) x (0,1), 
z(t,0) =z(t,l) = 0, fe(0,T), 
z(0, x) = Uo(x), x £ (0,1), 

satisfies z(T,x) = 0, for all x £ [0,a] U [/3,1]. Then, we set z T {-) := z(T,-) £ 
L 2 (0, 1) and we consider the solution v of 

'v t -(av x ) x +cu = 0, (t,x) £ (T, T') x (0,1), 
v(t,0) = v{t,l)=0, t£(T,T'), 
v(T,x) = z T (x), a;G(0,l). 

Now, we choose a cut-off function ip £ C°°(K) such that < ip < 1 and 

U(x) = l, x£[aj], 
\ip(x)=0, x£[0,a]U[p,i\. 

Then, v := ipv solves 

v t - {a(x)v x ) x - c(t, x)v = h 2 (t, x), [t, x) £ (T, T') x (0, 1), 
v(t,0)=v(t,l) = 0, t£(T,T'), 
v(T, x) = ^(x)z T (x) = z T {x), x £ (0, 1), 

where h<x := — (aip x v) x — aip x v x is supported in (a, a) U (/?,/?). Finally, 

[z, t£[0,T], 
\v, t£[T,T'} 
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is the solution of 



u t - (a(x)u x ) x + c(t, x)u = h(t, x)xu{x), (t, a:) G (0, T') x (0, 1), 
u(t, 0) = 1) = 0, ie(0,T'), 



t u(0,x) = uo(ar), x 6 (0, 1), 

with 

h := 



te [0,T], 

t e [T, r'] 



Moreover 

it(i,x) = for (t, x) e [T, T'] x ([0, a] U [/3, 1]). 
The estimate (|6. 5|) follows as in the first part. □ 



Remark 4. Proceeding as before, one can prove that Theorem 16.11 holds also 
for (|5. 1[) adding a drift term. In particular, Theorem 16.11 holds for the problem 

u t - (a{x)u x ) x + c(t, x)u + b(t, x)u x = h(t, x)xu(x), (t, x) G (0, T) x (0, 1), 
u(t, 1) = u(t, 0) = 0, ie(0,T), 
u(0,x) = u (x), a; £ (0, 1), 

(6. 12) 

where uq E L 2 (Q, 1), h £ L 2 (Qt), u>, a and c are as in the first part of this 
section, 6 e L°°(Qt) and |6(t, x)| < Cy / a(x) for a positive constant C. Observe 
that, in this case, the well-poscdncss of (|6. 12[) follows by [24j Theorem 4.1]. 

While in the first part we have deduced the controllability result from the 
observability inequality (|4. 2[) , now, we will deduce a regional observability in- 
equality from the regional controllability result established in Thcorcm l6.ll This 
is a general strategy, which has been already employed in [13] and in [15] for de- 
generacies occurring at the boundary of the domain. In particular, considering 
the adjoint problem (|5. 2|) . one has: 

Corollary 6.1. For every a and (3 satisfying (|6. 3p . there exists a positive 
constant Kj* such that every solution v of (|5. 2p satisfies 

v 2 (0 7 x)dx < K T ( [ f v 2 (t,x)dxdt+ f v 2 (T 7 x)dx\ . (6.13) 

\J0 J uj J a ) 

To prove Corollary 16. 1[ the following lemma is crucial. 

Lemma 6.1. Fixed a and f3, let h be the control given by Theorem 16. II (i) and 

u the corresponding solution of (|5. 1[) . Then, there exists a positive constant 
Ct such that 

u 2 (T,x)dx<CT / u (x)dx. 



The proof of the previous lemma follows by the analogous of (|2. 1[) for prob- 
lem HO]| (see [241 Theorem 4.1]) and by 1(574) . 
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Proof of Corollary 16.11 Let v E U be a, solution of (|5. 2[) and h G L 2 (Qt) be 
the control given by Theorem 16. II (i) such that 



' u t - (a{x)u x ) x + c(t,x)u = h(t,x)xu{x), (t,x) G (0,T) x (0, 1) 

u(t,0) = u(t,l) = 0, ie(0,T), 

u(0,x) = v(0,x), xe(0, 1) 

i u(T,a;) = 0, a; G [0, a] U [/5\ 1]. 

Multiplying the previous equation by v and (|5. 2p by u, integrating over (0, 1) 
and summing up we obtain 



o dt 



(uv)dx 



hxuivdx. 



Integrating over (0,T), by Fubini's Theorem, we have 



T f l 



u(T,x)v(T,x)dx — / v (0,x)dx 



Since u(T, x) = for all x G [0, a] U [/?, 1], one has 



o Jo 



u 2 (0,x)dx 



/3 



u(T, x)v(T, x)dx 



hxuivdx. 



hvdxdt 



Juj 



, rP i fP 

<-/ u 2 {T,x)dx + — v 2 {T,x)d 

2 J a 2e J a 



6 

2 Jo 



h 2 dxdt 



1 

^Jo 



v 2 dxdt, 



where e > will be chosen later. By Lemma \6.1\ we find 



[ v 2 (0,x)dx [ v 

Jo 2 ,y 



2 (0,x)dx + — I v 2 (T,x)dx 



9 1 

h dxdt H 







Moreover, (|6. 4j) implies 



u 2 (0,x)da: < 



eC + eC T 
2 



2e 7o 



i> 2 (0, x)<ia; 



v (t, x)dxdt. 



— j f v 2 (t, x)dxdt + — J v 2 (T,x)dx. 
2e Jo Juj 2e J a 



Choosing e such that 1 — e(C + Ct)/2 > 0, one has 



v 2 {0,x)dx < K T 



v 2 (t,x)dxdt + / v 2 (T,x)dx 



□ 
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Similarly, as a consequence of the persistent regional null controllability re- 
sult established in Theorem 16. 1[ one can deduce another observability inequality 
for the non homogeneous adjoint problem, as the one given in |15j for boundary 
degeneracies. Indeed, given the adjoint system 

v t + (av x ) x -cv = G{t,x)x{T,T>)(t)> (M) S (0,T') X (0,1), , . 

v(t,o) = v(t,i) = 0, te (o,r), LV 

one can prove the next result: 

Corollary 6.2. For every a and /3 satisfying (|6. 3p . there exists a positive 
constant Kt> such that every solution v £W of (|6. 141) satisfies 

l / fT' 



v 2 (0,x)dx < K T > \ I I v 2 (t,x)dxdt 

+ / v 2 {T',x)dx+ [ { G 2 {t 1 x)dxdt\ . 



By Remark |4l proceeding as before, one can prove that Corollaries 16 . 1 1 and 
6.21 still hold for both the adjoint problem and the non homogeneous adjoint 
problem of (|6. 12j) with drift. 
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